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INTRODUCTION
For a suitable simple module over an artin algebra, methods of con-
structing tilting modules of projective dimension  1 were given in
     Auslander et al. 1 and Brenner and Butler 2 . In 5, Theorem 4.3 , we
considered an analogue of these in the case when tilting modules are of
 finite projective dimension. Then in 3 , Fujita devised a more general
method of constructing tilting modules of finite projective dimension. He
replaced a projective resolution over a simple module by a suitable
projective complex over one. The purpose of this paper is to extend
Fujita’s theorem, by using a suitable series of idempotent ideals instead of
Ž .a simple module Theorem 2.2 . We also show that our tilting modules are
Ž .tensor products of tilting modules of projective dimension 1 Theorem 2.4 .
The main result is the following:
Ž .Let A be a Noetherian ring with identity , and r a positie integer. Let
I  I    I  I  A be a chain of ideals of A such that1 2 r r1
Ž .1 there are idempotent elements e , . . . , e , e  1 such that I 1 r r1 i
Ž .Ae A 1 i r , andi
Ž . jŽ .2 Ext AI , A  0 for 0 j i	 1, 1 i r.A i A
For each 1 i r, let
f f f fi , 1 i , 2 i , i	1 i , i   Q Q Q   Q Q QA i , 0 i , 1 i , 2 i , i	2 i , i	1 i , i
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be a complex of finitely generated projectie A-modules with Q 
 add Aei, j j1
Ž .j  0, . . . , i 	 1 , Q  Ae , Im f  I  Q , and Im f A i, i i1 i, i i i, i i, t
Ž . Ž .I  Ker f for 1 t i	 1. Set T Coker Hom f , A 1 j i ,t i, t1 i, j	1 i, j
Ž . Ž .and V   T  e A 1 s r .s r	j, r	s r	s1j0, . . . , s	1
Then, for 1 s r, each V is a tilting module with proj.dim V  s ands s A
is a tensor product of s tilting modules of projectie dimension 1.
In the case where I    I , T  e A is a tilting module of1 r r , 0 1
projective dimension r. If in addition e 1	 e is a primitive idempotent1
element and AAe A is simple then we have the situation discussed byA 1
   Fujita 3 . In Section 4, we give an example to which 3, Theorem does not
apply.
1. PRELIMINARY RESULTS
Ž .In what follows, every ring has 1  0 , which acts as the identity
operator on modules. Let A be a ring. We denote by A-Mod the category
of left A-modules, and by A-mod the category of finitely generated left
A-modules. The corresponding categories of right A-modules are denoted
by Mod-A and mod-A, respectively. For a left A-module T we denote by
add T the full subcategory of all direct summands of finite direct sum ofA
copies of T. Similarly we define add T  for any right A-module T  .A A A
We begin with the following
f g
LEMMA 1.1. Let X Y Z be a complex of left A-modules, and put
HKer gIm f.
Ž . Ž .1 Suppose that V
 A-Mod satisfies that Hom H, V  0A
1 Ž .Ext Z, V . Then, for the induced complexA
Hom Z, V Hom Y , V Hom X , V ,Ž . Ž . Ž .A A A
Ž . 1 Ž .the homology module at Hom Y, V is isomorphic to Ext Cok g, V .A A
Ž .2 Suppose that W 
 Mod-A satisfies that W  H  0 A
AŽ .Tor W, Z . Then, for the induced complex1
W XW YW Z,A A A
AŽ .the homology module at W Y is isomorphic to Tor W, Cok g .A 1
Ž . Ž .3 Suppose that U
 A-Mod satisfies that Hom U, H  0A
1 Ž .Ext U, X . Then, for the induced complexA
Hom U, X Hom U, Y Hom U, Z ,Ž . Ž . Ž .A A A
Ž . 1 Ž .the homology module at Hom U, Y is isomorphic to Ext U, Ker f .A A
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Ž . Ž .Proof. 1 Applying the functor Hom 	, V to the exact sequencesA
0 Im g Z Cok g 0,
0Ker g Y Im g 0,
0 Im fKer gH 0,
and
0Ker f X Im f 0,
i Ž . Ž .we obtain long exact sequences of Ext *, V i 0 , which yield theA
Ž . Ž .desired result. We can prove 2 and 3 by applying the functors W A
Ž .and Hom U,	 , respectively, to the short exact sequences above.A
LEMMA 1.2. Let r 2 be an integer, and let
f f f f1 2 r	1 r   a Q Q Q   Q Q Q .Ž . 0 1 2 r	2 r	1 r
Ž .be a complex of left A-modules. Put H Ker f Im f 1 i r	 1 .i i1 i
Ž .1 Suppose that V
 A-Mod satisfies that
Ext j Q , V  0 2 i r , 1 jŽ . Ž .A i
and
Ext j H , V  0 1 i r	 1, 0 j i	 1 .Ž . Ž .A i
Then for the induced complex
a Hom Q , V Hom Q , V  Ž . Ž . Ž .A r A r	1
Hom Q , V Hom Q , V ,Ž . Ž .A 1 A 0
Ž .the homology module at Hom Q , V is isomorphic toA i
Ext r	 i Cok f , V 1 i r	 1 .Ž . Ž .A r
Ž  . j Ž .Therefore the sequence a is exact if and only if Ext Cok f , V  0A r
Ž .1 j r	 1 .
Ž .2 Suppose that W
Mod-A satisfies that
Tor A W , Q  0 2 i r , 1 jŽ . Ž .j i
and
Tor A W , H  0 1 i r	 1, 0 j i	 1 .Ž . Ž .j i
YOICHI MIYASHITA488
Then, for the induced complex
b W Q W Q   W Q W Q ,Ž . A 0 A 1 A r	1 A r
the homology module at W Q is isomorphic toA i
Tor A W , Cok f  0 1 i r	 1 .Ž . Ž .r	 i r
Ž .Therefore the sequence b is exact if and only if
Tor A W , Cok f  0 1 j r	 1 .Ž . Ž .j r
Ž . Ž . Ž .Proof. 1 By Lemma 1.1 1 , the homology module at Hom Q , V isA i
isomorphic to
Ext1 Cok f , V 1 i r	 1 .Ž . Ž .A i1
Ž .On the other hand, by applying the functor Hom 	, V to the short exactA
sequences
0 Im f Q  Cok f  0 2 i r ,Ž .i i i
we obtain isomorphisms
Ext j Im f , V  Ext j1 Cok f , V 2 i r , 1 j .Ž . Ž . Ž .A i A i
Ž .Furthermore, applying the functor Hom 	, V to the short exact se-A
quences
0H  Cok f  Im f  0 1 i r	 1 ,Ž .i i i1
we obtain isomorphisms
Ext j Im f , V  Ext j Cok f , V 1 i r	 1, 0 j i	 1 .Ž . Ž . Ž .A i1 A i
Therefore we obtain the isomorphisms
Ext1 Cok f , V  Ext r	 i Cok f , V 1 i r	 1 ,Ž . Ž . Ž .A i1 A r
Ž . Ž .as desired. Using W  in place of Hom 	, V , we can prove 2 .A A
Dualizing Lemma 1.2, we obtain the following
LEMMA 1.3. Let r 2 be an integer, and let
g g g gr r	1 2 1   c J J J    J J JŽ . r r	1 r	2 2 1 0
Ž .be a complex of left A-modules. Put H Ker g Im g 1 i r	 1 .i i i1
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Suppose that X
 A-Mod satisfies that
Ext j X , J  0 for 2 i r , 1 jŽ .A i
and
Ext j X , H  0 for 1 i r	 1, 0 j i	 1.Ž .A i
Then, for the induced complex
c Hom X , J Hom X , J  Ž . Ž . Ž .A r A r	1
Hom X , J Hom X , J ,Ž . Ž .A 1 A 0
Ž .the homology module at Hom X, J is isomorphic toA i
Ext r	 i X , Ker g 1 i r	 1 .Ž . Ž .A r
Ž . j Ž .Therefore the sequence c aboe is exact if and only if Ext X, Cok g  0A r
for 1 i r	 1.
LEMMA 1.4. Let I be a proper ideal of A, Y
 A-Mod, and r 1.
Assume that
Ext j AI , Y  0 for all 0 j r	 1.Ž .A A
Then, for any X
 A-Mod, we obtain that
Ext j AI  X , Y  0 for all 0 j r	 1.Ž .Ž .A A A
Proof. We take an injective coresolution of Y:A
0 Y J  J  J   .A 0 1 2
Ž .Applying the functor Hom AI,	 to the above, we get an exactA
sequence
0Hom AI , J Hom AI , J   Hom AI , J ,Ž . Ž . Ž .A 0 A 1 A r
Ž .which splits, because each Hom AI, J is injective as a left AI-mod-A i
Ž .ule. Then, applying the functor Hom X,	 produces an exact sequence.A
Furthermore, using the usual isomorphisms
Hom X , Hom AI , J Hom AI  X , J i 0 ,Ž . Ž . Ž .Ž . Ž .A A A A A i A A A i
we obtain the result.
COROLLARY 1.5. Let Y
 A-Mod and r 1. Let I, I  be proper ideals
such that
Ext j AI , Y  0 Ext j AI , Y j 0, . . . , r	 1 .Ž . Ž . Ž .A A
j Ž  . Ž .Then Ext AII , Y  0 j 0, . . . , r	 1 .A
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Ž .    j Ž   .Proof. Since AI  I  I II , we obtain that Ext I II , Y  0A A
Ž .j  0, . . . , r 	 1 , by Lemma 1.4. Then, by applying the functor
Ž .Hom 	, Y to the exact sequenceA
0 I II  AII  AI  0,
j Ž . Ž .we can easily see that Ext AII , Y  0 j 0, . . . , r	 1 .A
Ž .We here note the following fact which is not used in this paper : Let r,
I, and Y be as in Lemma 1.4. Let I be a proper ideal of A with I I. Then
 jŽ  .I also satisfies that Ext AI , Y  0 for all 0 j r	 1.A A
To see the above, we consider the minimal injective coresolution of Y,A
0 Y J  J  J   .A 0 1 2
Ž . Ž .  4Then, since Hom AI, J  r I  x
 J  Ix 0 , the assumptionA A j J jj
Ž .for AI implies that Hom AI, J  0 for 0 j r	 1, and con-A A j
versely. Therefore we see the result.
LEMMA 1.6. Suppose that I is a proper ideal in A, W
Mod-A, and
r 1. Assume that
Tor A W , AI  0 for all 0 j r	 1.Ž .j
Then, for any X
 A-Mod, we obtain that
Tor A W , AI  X  0 for all 0 j r	 1.Ž .Ž .j A
Proof. We take a projective resolution of W :A
 U U U U W  0.3 2 1 0 A
Ž .Applying the functor 	 AI to the above, we obtain an exact se-A
quence
U  AI U  AI  Ž . Ž .r A r	1 A
U  AI U  AI  0,Ž . Ž .1 A 0 A
Ž .which splits, because each U  AI is projective as a right AI-mod-i A
ule. Then applying the functor 	 X produces an exact sequence, asA
required.
j Ž .DEFINITION. Let X
 A-mod. If Ext X, X  0 for all j 1, then XA A
is said to be selforthogonal.
We now recall the functions X-codim and X-dim for a selforthogonal
Ž   .module X, and state some elementary facts about them. Cf. Happel 4 .
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Ž . For Y in A-mod, X-codim Y is the smallest non-negativeA
integer s such that there is an exact sequence
0 Y X    X  0,0 s
Ž . Ž .with X 
 add X i 0, . . . , s . By applying the functor Hom 	, X toi A A
i Ž .the sequence above, we see that Ext Y, X  0 for all i 0, and we haveA
an exact sequence
*Ž .
0Hom X , X   Hom X , X Hom Y , X  0.Ž . Ž . Ž .A s A 0 A
Ž . Ž .If we put Hom X, X  B which acts on the right side of X , thenA
Ž . Ž .the sequence * above is a projective resolution of Hom Y, X , con-A B
Ž Žsisting of finitely generated projective B-modules. Since Hom Hom X ,B A i
. . Ž . i Ž ŽX , X  X i 0, . . . , s canonically, it follows that Ext Hom Y,i B A
. . Ž Ž . .X , X  0 for all i 0, and Hom Hom Y, X , X  Y. Therefore,B A
Ž .proj.dim Hom Y, X  X-codim Y .A B A
Ž .   For Y in A-mod, X-dim Y is the smallest non-negativeA
integer t such that there is an exact sequence
0 X    X  Y  0,t 0
 Ž . Ž .with X 
 add X i 0, . . . , t . By applying the functor Hom X,	 toi A A
i Ž .the sequence above, we see that Ext X, Y  0 for all i 0, and weA
obtain an exact sequence
0Hom X , X    Hom X , X  Hom X , Y   0.Ž . Ž . Ž .A t A 0 A
Ž .This is a projective resolution of Hom X, Y , consisting finitely gener-B A
Ž  .  Ž .ated projective B-modules. Since X Hom X, X  X i 0, . . . , tB A i i
BŽ Ž ..canonically, we see that Tor X, Hom X, Y  0 for all i 0, andi A
Ž .  Ž  .X Hom X, Y  Y . Therefore we obtain that B-dim Hom X, YB A B A
 X-dim Y  .A
The following two lemmas are easy consequences of the remarks above
Ž  .and, e.g., 5, Lemmas 3.2 and 3.3 .
LEMMA 1.7. Let X be a selforthogonal module in A-mod, and letA
0 Y  Y Y  0
be an exact sequence in A-mod.
Ž .  1 If X-codim Y  and X-codim Y   then X-codim Y A A A
Ž  .Max X-codim Y, X-codim Y  1.A A
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Ž .  2 If X-codim Y   and X-codim Y   then X-codim YA A A
Ž   .Max X-codim Y , X-codim Y .A A
Ž .  1 Ž  .3 If X-codim Y   and X-codim Y  and Ext Y , X  0A A A
 Ž  .then X-codim Y Max X-codim Y , X-codim Y .A A A
Ž .4 If X-codim Y  and Y is a direct summand of Y thenA A 0 A
X-codim Y  X-codim Y .A 0 A
The following lemma is the dual of Lemma 1.7.
LEMMA 1.8. Let X be a selforthogonal module in A-mod, and letA
0 Y  Y Y  0
be an exact sequence in A-mod.
Ž .  1 If X-dim Y   and X-dim Y   then X-dim Y A A A
Ž  .Max X-dim Y , X-dim Y  1.A A
Ž .  2 If X-dim Y   and X-dim Y   then X-dim Y A A A
Ž   .Max X-dim Y , X-dim Y .A A
Ž .  1 Ž .3 If X-dim Y  and X-dim Y   and Ext X, Y  0 thenA A A
 Ž  .X-dim Y Max X-dim Y, X-dim Y .A A A
Ž .4 If X-dim Y  and Y is a direct summand of Y then X-A A 0 A A
dim Y  X-dim Y .0 A
2. A SERIES OF IDEMPOTENT IDEALS
ŽThroughout Section 2, we use the following notation. Let A be a left
.and right Noetherian ring and r a positive integer. Let I  I    I1 2 r
 I  A be a chain of ideals in A such thatr1
Ž .1 there are idempotent elements e , . . . , e , e  1 such that1 r r1
Ž .I  Ae A 1 i r , andi i
Ž . jŽ .2 Ext AI , A  0 for 0 j i	 1, 1 i r.A i A
Then it is easily seen that if i j then Ae 
 add Ae .j A i
Ž .DEFINITION. A series I , . . . , I satisfying the above conditions is1 r
called a left tilting series of ideals of A.
DEFINITION. Let s be an integer with 1 s r, and let Q 
 add A.s A
Ž .An I , . . . , I -complex of Q is a complex1 s A s
f f f f f1 2 3 s	1 s    d Q Q Q   Q Q QŽ . A 0 1 2 s	2 s	1 s
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of finitely generated projective A-modules such that
Im f  I  Q , Q 
 add Ae ,s s s s	1 A s
Im f  I  Ker f , Q 
 add Ae ,s	1 s	1 s s	2 A s	1
 
 
 Im f  I  Ker f , Q 
 add Ae cf. Fujita 3, p. 225 .Ž .1 1 2 0 A 1
For each 1 i s	 1, let H denote the homology module at Q of thei i
Ž . j Ž . Žsequence d above. Then I  H  0, and so Ext H , A  0 0 j i	i i A i
. j Ž . Ž .1 , by Lemma 1.4. Similarly Ext Cok f , A  0 0 j s	 1 , becauseA s
Ž .of Cok f Q  I  Q . Then, by Lemma 1.2, the induced sequences s s s
f   f f fs s	1 2 1        d 0Q Q Q   Q Q QŽ . s A s	1 s	2 2 1 0
 Ž . Ž .is exact, where Q Hom Q , A i 0, . . . , s .i A i
Then, by Lemma 1.2, we obtain the following
PROPOSITION 2.1. Let s be an integer with 1 s r, and Q 
 add A.s A
Ž . Ž .Take an I , . . . , I -complex d as aboe. Let W 
mod-A, and take a1 s A
projectie resolution of W ,A
e   P  P  P  P W  0,Ž . 3 2 1 0 A
Ž .with P 
 add A 0 i . Assume that the sequencesi A
P  H  P  H  01 A 1 0 A 1
P  H  P  H  P  H  02 A 2 1 A 2 0 A 2fŽ .

P  H  P  H    P  H  0s	1 A s	1 s	2 A s	1 0 A s	1
are exact. Then the following two statements are true.
Ž .1 The sequence
W Q W Q   W Q  0A 0 A 1 A s
Ž i Ž  . .is exact or equialently, Ext Cok f , W  0 for all i 1 if and only ifA 1
the sequence
P  Cok f  P  Cok f  s A s s	1 A s
 P  Cok f  P  Cok f  01 A s 0 A s
Ž AŽ . .is exact or equialently, Tor W, Cok f  0 for all 0 j s	 1 .j s
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Ž . Ž .2 Assume that Q  Ae and P 
 add e A i 0, . . . , s	 1 .s s1 i A i1
i Ž  . Then Ext Cok f , W  0 for all i 1. In particular, each Cok f  e AA 1 i i
is a selforthogonal module for 1 i s.
Ž . Ž . Ž .Proof. 1 This is evident. 2 In the complexes f above, every term is
Ž .zero except P  H i 1, . . . , s	 1 . Furthermore, since I  Cok f  0,i A i s s
Ž . i Ž we obtain that P  Cok f  0 j 0, . . . , s	 1 . Thus Ext Cok f ,j A s A 1
.W  0 for all i 1.
In the sequel we use the following notation: For each 1 i r,
f f f fi , 1 i , 2 i , i	1 i , i   d Q Q Q   Q Q QŽ .i A i , 0 i , 1 i , 2 i , i	2 i , i	1 i , i
Ž .is an I , . . . , I -complex of Ae with1 i A i1
Q  Ae and Q 
 add Ae j 0, . . . , i	 1 .Ž .A i , i i1 i , j j1
Ž .Let H denote the homology module at Q 2 i r, 1 j i	 1i, j i, j
Ž Ž .. Ž .and so I  H  0 2 i r, 1 j i	 1 . Then from d , we obtainj i, j i
an exact sequence
f fi , i i , i	1    d 0Q Q Q  Ž .i i , i i , i	1 i , i	2A
f fi , 2 i , 1   Q Q Q ,i , 2 i , 1 i , 0
Ž . Ž .by Lemma 1.2 1 . Let T denote Cok f i 1, . . . , r, j 1, . . . , i .i, j	1 i, j
Then we have the following
THEOREM 2.2. Assume the notation aboe. For each 1 i r,
V  T  T   T  e Ai r , r	i r	1, r	i r	i1, r	i r	i1
is a tilting module of proj.dim V  i. If I  A, then proj.dim V  ii r i A
Ž .i 1, . . . , r .
Proof. By Proposition 2.1, we can easily see that V  T  Tr r , 0 r	1, 0
  T  e A is selforthogonal. Therefore each V is selforthogonal1, 0 1 i
Ž .for 1 i r, because V follows from the tilting series I , . . . , I . Iti r	i1 r
Ž .is evident that V -codim V  1 i 2, . . . , r and V -codim A 1.i A i	1 1 A
Ž .Then, by Lemma 1.7 1 , V -codim A r. Hence V is a tilting module ofr A r A
A -dim V  r. Therefore each V is a tilting module of A -dim V  i forA r i A A i
1 i r. Assume now that I  A. If T is projective, then the exactr r , r	1
sequence 0Q Q  T  0 splits. Then the map Qr , r A r , r	1 r , r	1 A r , r	1
 Q is a splitting epimorphism. This is a contradiction. Then, from theA r , r
Ž  .exact sequence d defined above, we see that A -dim T  r	 ir A A r , i
Ž . Ž .i 0, . . . , r	 1 , and hence A -dim V  i i 1, . . . , r .A i
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Remark. Assume that e  e e  e e for an integer i such thati i1 i i i1
Ž . Ž1 i r. Then Ae  A e 	 e  Ae , and Ae Ae  Ae A ei1 i1 i i i i1 i i1
. Ž .	 e  Ae . Therefore, in the complex d , we may replace Ae Qi i i i1 i, i
Ž . by A e 	 e , because this replacement does not vary T  Cok fi1 i i, j	1 i, j
Ž .1 j i . This fact will be used in Section 4, Examples.
PROPOSITION 2.3. Let T , T be selforthogonal modules in A-mod. PutA A
Ž .  Ž .End T  B and End T  B.A A
Ž .  Ž  .1 If T -dim T s , then Hom T , T is a selforthogonalA B A
 Ž  . module such that B -dim Hom T , T  T -dim T  s   andB A A
Ž Ž  ..End Hom T , T  B canonically.B A
Ž .  Ž  .2 If T-codim T  t , then Hom T , T is a selforthogonalA A B
Ž  . module such that B -dim Hom T , T  T-codim T  t   andB A A
Ž Ž  . . End Hom T , T  B canonically.A B
Ž .  3 If T -dim T s   and T-codim T  t   then s t,A A
Ž  .Hom T , T is a tilting module of projectie dimension s, andB A
Ž Ž  ..End Hom T , T  B canonically.B A
Ž .Proof. 1 There is an exact sequence
0 T  T     T  T 0,s s	1 A 0 A
  Ž . Ž  .with T 
 add T i 0, . . . , s . Applying the functor Hom T ,	 to thei A A
sequence above, we obtain a projective resolution of finitely generated
projective B-modules
0 Hom T  , T    Hom T  , T  Hom T  , T  0.Ž . Ž . Ž .B A s A 0 A
Ž Ž  ..Then applying the functor Hom 	, Hom T , T produces a sequenceB A
0Hom  Hom T  , T , Hom T  , TŽ . Ž .Ž .B A A
Hom  Hom T  , T  , Hom T  , TŽ . Ž .Ž .B A 0 A
  Hom  Hom T  , T  , Hom T  , T  0,Ž . Ž .Ž .B A s A
which is isomorphic to the exact sequence
0Hom T , T Hom T  , T   Hom T  , T  0,Ž . Ž . Ž .A A 0 A s
Ž . Ž  .where Hom T , T  B . Therefore, Hom T , T is a selforthogonalA B B A
Ž .module of projective dimension s. 2 There exists an exact sequence
0 T  T    T  0,0 t
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Ž . Ž .with T 
 add T j 0, . . . , t . Applying the functor Hom 	, T to thej A A
above, we obtain a projective resolution of finitely generated projective
B-modules
0Hom T , T   Hom T , T Hom T  , T  0.Ž . Ž . Ž . BA t A 0 AB
Ž Ž  ..Then applying the functor Hom 	, Hom T , T produces a sequenceB A
which is isomorphic to the exact sequence
0Hom T  , T  Hom T  , T   Hom T  , T  0.Ž . Ž . Ž .A A 0 A t
Ž . Ž  .Hence we obtain the desired result. 3 The fact that Hom T , T is aA B
Ž  .selforthogonal module such that B -dim Hom T , T  t  and thatB A
Ž Ž  . .  Ž  . End Hom T , T  B implies that Hom T , T -codim B  .A B B A
Ž  .Hence Hom T , T is a tilting module of projective dimension s. Then itB A
 Ž  . Ž  .  Ž is well known that B -dim Hom T , T  Hom T , T -codim B cf.B A B A
   .Happel 4 , Wakamatsu 6 .
DEFINITION. Let both T  and T be selforthogonal modules. If T -A A A
 Ž  .dim T r  and T-codim T  , we call T , T a tilting pair ofA A A
dimension r.
Ž  .If T , T is another tilting pair of dimension s then, by Lemmas 1.7A A
Ž  .and 1.8, T , T is a tilting pair of dimension  r s.A A
Ž .In the situation of Theorem 2.2, it is evident that each V , V is ai A i1 A
tilting pair of dimension  1 for i 1, . . . , r	 1. Thus we obtain the
following
Ž .THEOREM 2.4. Under the assumption of Theorem 2.2, we put End Vi A
Ž . Ž . B i 1, . . . , r . Then, for i 1, . . . , r	 1, each V , V is a tiltingi i A i1 A
Ž .pair of dimension  1. Hence each Hom V , V is a tilting module ofA i i1 Bi
Ž Ž . .projectie dimension  1, End Hom V , V  B , and V A i i1 B i1 B i1 Ai i1
Ž . BiŽ Ž . .Hom V , V  V , and Tor Hom V , V , V  0 for all j 0.A i i1 B i j A i i1 ii
Therefore
V  Hom V , V   Hom V , V  V .Ž . Ž .B r A B A r	1 r B B A 1 2 B 1 Ar r r	1 2 1
Ž .If A -dim V  r e. g., I  A then each component in the aboe tensorA r r
Ž   .product is of projectie dimension 1. Cf. 5, Proposition 5.3 .
3. A GENERALIZATION
In this section, we shall generalize Theorems 2.2 and 2.4 slightly in the
case where A is an artin algebra.
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Throughout this section, all modules are finitely generated over an artin
algebra.
Ž . Ž .Let W  0 be in A-mod. We denote by n W the number ofA A
isomorphism classes of indecomposable direct summands of W.A
Ž  . Ž . Ž .Let T , T be a tilting pair. Then, as is well known, n T  n BA A A B
Ž  . Ž Ž  . . Ž Ž  .. Ž . Ž .  n B  n Hom T , T  n Hom T , T  n B  n B B A B B B B
Ž . Ž . Ž .n T , by Proposition 2.3. Hence we have n T  n T .A A A
First we note the following
LEMMA 3.1. Let V be a selforthogonal module in mod-B and putB
Ž .End V  A. Let X
 A-mod and assume that, for some integer r 1,B
j Ž . j Ž .Ext X, V  0 for all 0 j r	 1. Then Ext X, A  0 for 0 jA A
 r	 1.
Proof. We take a projective resolution of V ,B
 Q Q Q  V  0,2 1 0 B B
Ž . Ž .with Q 
 add B 0 i . Applying the functor Hom 	, V to the above,i B B
we obtain an exact sequence
0 A Hom Q , V Hom Q , V Hom Q , V   .Ž . Ž . Ž .A A B 0 B 1 B 2
Ž .Then, by applying the functor Hom X,	 to the sequence inducedA
above, we can easily see the desired result.
Furthermore we have the following
PROPOSITION 3.2. Let V be a selforthogonal module in mod-B and setB
Ž .End V  A. Let W 
 mod-A be such that A -dim W   andB A A
AŽ . AŽ .Tor W, V  0 for all j 0. Let U 
mod-A be such that Tor U, V  0j A j
for all j 0. Then
Ž . Ž .1 W Hom V , W V canonically, andA A B A B A
Ext j V , W V  0 for all j 0.Ž .B A
Ž . j Ž . j Ž .2 For all j 0, Ext U V, W V  Ext U, W . Therefore, ifB A A A
W is selforthogonal then so is W V .A A B
Proof. For some integer t, there is an exact sequence
0 P  P    P  P  P W  0,t t	1 2 1 0 A A
Ž .with P 
 add A i 0, . . . , t . Applying the functor 	 V to the above,i A A
we obtain an exact sequence
0 P  V   P  V W V  0.t A 0 A B A B
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Ž .Then, by applying a functor Hom V,	 to the sequence induced above,B
Ž . Ž .we can see that 1 holds. To see 2 , we take a projective resolution of UA
 Q Q Q U  0,2 1 0 A A
Ž .with Q 
 add A i 0 . Then, by applying the functor 	 V to thei A A
above, we obtain an exact sequence
 Q  VQ  VQ  VQ  V U V  0.3 2 A 1 A 0 A B A B
Ž .Then, applying the functor Hom 	, W V produces a complexB A
Hom Q  V , W V Hom Q  V , W VŽ . Ž .B 0 A A B 1 A A
Hom Q  V , W VŽ .B 2 A A
Hom Q  V , W V   .Ž .B 3 A A
Ž . Ž . Ž .By 1 above, Hom Q  V, W  V  Hom Q , W for i  0,B i A A A i
j Ž .and Ext V, W V  0 for j 1, hence we obtain isomorphismsB A
j jŽ . Ž . Ž .Ext U V, W V  Ext U, W for j 0, by Lemma 1.2 1 .B A A A
In Theorem 3.3 below, we use the following notation.
Ž .Let V be a selforthogonal module in mod-B and put End V  AB B
Ž .which acts on the left side of V . Let I  I    I  I  A be a1 2 r r1
chain of ideals in A such that
Ž .1 there are idempotent elements e , . . . , e , e  1 such that1 r r1
Ž .I  Ae A 1 i r , andi i
Ž . jŽ .2 Ext AI , V  0 for 1 j i	 1, 1 i r.A i A
Furthermore, for 1 i r, let
f f f fi , 1 i , 2 i , i	1 i , i   D Q Q Q   Q Q QŽ .i A i , 0 i , 1 i , 2 i , i	2 i , i	1 i , i
Ž .be an I , . . . , I -complex of Q  Ae . By Lemma 1.2, the sequence1 i i, i i1
Ž .D above yields an exact sequencei
f fi , i i , i	1    D 0Q Q Q  Ž .i i , i i , i	1 i , i	2B
f fi , 2 i , 1   Q Q Q ,i , 2 i , 1 i , 0
 Ž . Ž .  Ž . Žwith Q Hom Q , V 0 j i and f Hom f , V 1i, j A i, j A B B i, s i, s
.   s i . Let T denote Cok f for 1 j i, and let V denote V  Vi, j	1 i, j i B i A B
for 0 i r, where V  A .0 A
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Then we have the following
THEOREM 3.3. Assume the notation aboe. For 1 i r, the following
statements are true.
Ž . AŽ .  Ž1 Tor T , V  0 for s 1, and T  V  T 1s i, j	1 i, j	1 A B i, j	1 B
.j i .
Ž . AŽ .2 Tor V , V  0 for s 1.s i
Ž . Ž   .3 Each V , V is a tilting pair of dimension 1.i	1 B i B
Ž .Proof. By Lemma 3.1, I , . . . , I is a left tilting series of ideals of A.1 r
Since Q 
 add A we see that Q  V  Q for 1 i r,i, j A i, j A B i, jB
 Ž .0 j i,where Q Hom Q , A . Therefore, for 1 i r and 1i, j A i, j A
AŽ .j i, we obtain that Tor T , V  0 for s 1, and T  V s i, j	1 i, j	1 A B
 AŽ .T . Hence Tor V , V  0 for s 1. Then, by Propositions 3.1 andi, j	1 B s i
 Ž   .3.2, each V is selforthogonal for 1 i r and Hom V , V i B i	1 B i B
Ž . Ž .Hom V , V as B , B -bimodule for 1 i, j r, where B i	1 A i A j i i
Ž . Ž .Hom V , V 1 i r and B  A. We then see thati A i A 0
V -dim V  B -dim Hom V , V  V -dim V  1,Ž .i	1 B i i	1 B i	1 A i A i	1 A ii	1
and
V-codim V  B -codim Hom V , V  V -codim V  1Ž .i B i	1 B i i	1 A i A i A i	1i
for 1 i r.
4. EXAMPLES
In this section we give some examples.
In the following, we denote the composition of arrows 1 2 and 2 3
by . By K we denote a field. The identity at the vertex i is denoted by
 . We consider here a ‘‘right’’ tilting series of ideals, for convenience. Wei
use the Remark to Theorem 2.2.
EXAMPLE 1. Let A be the K-algebra given by the quiver
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with relations 0    	     2   2      	12 23 12 23 23 31 31
  .31
Ž . jŽ . Ž .Put I A 1	  A. Then, Ext AI , A  0 0 j 2 . However,1 A A
since A I AA I, I is not a maximal ideal, and it is easily seen that
1 Ž .Ext  A J,  A J  0, where J is the radical of A. Hence Fujita’sA 1 1 1 1
Žtheorem does not apply to the simple module  A J cf. Introduction1 1
 . Ž .and 3, Lemma 2 . From the right tilting series I, I, I we obtain a tilting
module
A  A U  A 1	  ,Ž . Ž .Ž .2 2 1
Ž . Ž .where U K   ,	   K   , 0 .31 12 31 12 31 12
EXAMPLE 2. Let A be the K-algebra given by the quiver
with relations
0             12 23 34 45 51 23 34 45 51 12 23 34
        .34 45 51 12 23 34 45
Ž . jŽ . Ž .Put I A 1	  A. Then Ext AI , A  0 0 j 3 . If we put1 A A
 Ž . jŽ  . Ž .I  A 1	  	  A, then Ext AI , A  0 0 j 2 . We can con-1 2 A A
Ž . Ž    .sider two right tilting series of ideals of A, I, I, I, I and I , I , I , I .
Ž . Ž .1 I, I, I, I ,
dŽ .4
            12 23 34 45 51 12 23 34 45 51 12 23 34   e A e A e A e A e A.1 2 2 4 4
Since I  I  I  I  I, we obtain a tilting module of projective di-1 2 3 4
mension 4,
T  A 1	   A A      A 1	  .Ž . Ž . Ž .4, 0 1 4 45 51 12 23 34 1
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Ž .The minimal projective resolution of AA 1	  A is1 A
       12 23 34 45 51 12 23 34  0 AA 1	  A   A  A  A  AŽ .1 A 1 2 1 4
 45 51  A 0.1
Ž . Though there is an isomorphism  A J AA 1	  A, 5, Theorem1 1 1
4.3 does not apply to the simple module  A J, because  A appears1 1 1
three times in the above resolution.
Ž . Ž    .2 I , I , I , I ,
dŽ .4
             12 23 34 45 51 12 23 34 45 51 12 23 34 45    A  A  A  A  A ,1 2 3 4 5
and
       23 34 45 51 12 23 34 45  d  A  A  A  A.Ž .3 2 3 4 5
Since I  I  I , we obtain a tilting module of projective dimension 4,1 2 3
A A       A A  A 1	  	  .Ž . Ž . Ž .5 45 51 12 23 34 45 5 45 1 2
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